This paper addresses the problem of reducing the delivery time of data messages to cellular users using instantly decodable network coding (IDNC) with physical-layer rate awareness. While most of the existing literature on IDNC does not consider any physical layer complications, this paper proposes a cross-layer scheme that incorporates the different channel rates of the various users in the decision process of both the transmitted message combinations and the rates with which they are transmitted. The completion time minimization problem in such scenario is first shown to be intractable. The problem is, thus, approximated by reducing, at each transmission, the increase of an anticipated version of the completion time. The paper solves the problem by formulating it as a maximum weight clique problem over a newly designed rate aware IDNC (RA-IDNC) graph. Further, the paper provides a multi-layer solution to improve the completion time approximation. Simulation results suggest that the cross-layer design largely outperforms the uncoded transmissions strategies and the classical IDNC scheme.
I. INTRODUCTION
Introduced by Ahlswede et al. in their seminal paper [1] , network coding (NC) has become a propitious paradigm for implementation in future wireless networks, providing fast and reliable real-time communications over fading channels e.g., cellular, WiFi, and WiMAX. Based on the simple idea that the source and/or the intermediate nodes in a network can generate coded combinations of data messages [2] , NC is a promising technique to improve throughput and to reduce delay in wireless networks.
Recently, Instantly Decodable Network Coding (IDNC) captivated a significant number of works [3] - [8] thanks to its fast decoding potential, essential for real-time applications, such as multimedia streaming [9] , [10] . In IDNC, the coded message combinations need to be decoded at their reception instant and cannot be stored for future decoding. In other words, users that cannot decode a received message combination must discard it. To guarantee fast decoding, coded combinations in IDNC are encoded using binary XOR and are designed to offer instantaneous, low complexity message decoding. Despite the aforementioned instant decodability restriction, IDNC is still favorable in many applications requiring progressive and quick decoding, e.g., IPTV and roadside safety messages.
Most of the previous works, optimizing different parameters in IDNC-based systems, consider an upper-layer view of the network and abstract its physical-layer conditions (e.g., fading, shadowing, etc.) into simple erasure channel models. Moreover, all coded combinations from the base-station (BS) are assumed to be transmitted with the same physical-layer rate, thus occupying fixed durations of time. Such assumptions definitely simplified the modeling of IDNC scenarios at the expense of the impracticality of the channel model. Indeed, it is well-known that different users in a cellular network undergo different channel conditions and thus shall be served at various rates by the BS in order to receive the transmitted messages [11] . Such variance in possible service rates indeed affects the decisions on both the signals to be combined, in each transmission, and the rate with which they are sent [12] . Such rate adaptation affects not only the capability of different users to successfully receive each transmission, but it also determines the time duration needed to deliver the message.
The target of this paper is to study the completion time of delivering a group of messages to the network's users using rate-aware IDNC (RA-IDNC). This paper extends the previous upper-layer studies on IDNC in [4] , [6] , [7] , by investigating the joint optimization of message combinations and employed rates in each of the transmissions, so as to minimize the overall completion time. Recently, rate adaptation in other network coding contexts is considered, e.g., [13] - [15] . Nonetheless, this work is the first to study IDNC with rate awareness.
The paper's main contributions are as follows. The rateaware IDNC completion time problem is first formulated and shown to be intractable as its upper-layer counterpart [4] , [6] , [7] . Given this intractability, the paper considers a more manageable and online approximation of the completion time problem, called herein the anticipated completion time reduction problem. The paper formulates the problem as a maximum weight clique problem over a newly designed RA-IDNC graph. This new graph model incorporates both the IDNC possible coded combinations and the different transmission rates so as the communication is useful to the targeted subset of users. Parsing the considered problem as a maximum weight clique problem in the constructed graph provides efficient solvers for it, e.g., [16] . Since the maximum weight clique in the designed graph may not be unique, the paper further suggests a multilayer version of the proposed solution to improve the obtained results from the employed completion time approximation.
The proposed solution is then tested and compared to classical upper-layer IDNC and other uncoded strategies using extensive simulations. Due to space limitations, this version provides sketches rather than the complete proofs that can be found in the journal version [17] .
II. SYSTEM MODEL AND DEFINITIONS

A. Network and Physical Layer Model
Consider the downlink of a wireless radio network with a single BS. The BS is required to deliver a set F of messages 978-1-4673-9526-7/15/$31.00 ©2015 IEEE to a set U of users. The messages in F are all assumed to be of an equal size of N bits and could represent files, frames from a video stream, etc. The paper assumes that the time is indexed, such that the time index t ∈ N + corresponds to the starting time of the t-th transmission of a message (or a coded message combination) from the BS. In the rest of the paper, the notation |X | denotes the cardinality of the set X .
Let h u (t) be the complex channel gain from the BS to the u-th user at the t-th transmission. It is assumed that h u (t), ∀ u ∈ U remains constant during the t-th transmission. Let P be the transmit power of the BS assumed to be fixed. The achievable capacity of the u-th user in the network during the t-th transmission can be written as:
where Γ denotes the capacity gap, and σ 2 denotes the Gaussian noise variance. Let R(t) = {R 1 (t), . . . , R |U | (t)} be the set of the achievable capacities of all users during the t-th transmission.
The absolute time 1 required to transmit a message of size N in the t-th transfer using any selected rate R(t) is N/R(t). This paper assumes that the BS can correctly adjust its modulation scheme to target any value of the rate R(t). Further, it is assumed that the value of the capacity gap Γ is chosen properly such that it enables perfect modulation. In other words, the t-th transmission results in a successful reception at the u-th user if and only if R(t) ≤ R u (t). This means that the u-th user will not be able to receive the t-th transmission if R(t) > R u (t).
B. Data Model
The paper assumes that each user is interested in receiving all the messages in F. At any given instant of time, these messages can be decomposed into the two sets from the u-th user perspective:
• The Has set H u containing the messages successfully received by the u-th user. • The Wants set W u = F \ H u containing the messages missing at the u-th. Initially, no user has any of these messages (i.e., H u = ∅ and W u = F, ∀ u ∈ U). Therefore, the BS starts by sending each of these messages uncoded, with rates chosen according to the employed scheme. As explained above, the t-th message transmission is successfully received by the u-th user if and only if R(t) ≤ R u (t). In other words, all users with capacities less than R(t) during the t-th transmission lose the message.
After one full round of transmitting messages uncoded, the BS exploits the diversity in the Has and Wants sets of the different users to send XOR-coded combinations of their missing messages. A user can decode a message f from a coded message combination only if all the other messages in the combination are in its Has set. Indeed, such user can XOR these messages with the received coded message combination to extract f . From the instant decodability restriction of IDNC, a message combination with more than one unknown message for a given user is useless for that user, and thus it is discarded.
In the rest of the paper, the term "transmission" refers to both the process and the whole duration of sending any message by the BS.
C. Important Definitions
This subsection gathers several definitions of the terms that are used throughout the paper. 
Definition 4 (Transmission Schedule). A transmission sched-
ule S = {(κ(t), R(t))}, ∀ t ∈ {1, . . . ,
III. PROBLEM FORMULATION
The aim of this paper is to investigate the problem of finding the optimal schedule S * , so as to minimize the overall completion time C(S * ). From the above definitions, the problem can be expressed as shown in the following theorem. Theorem 1. The minimum overall completion time problem in rate aware IDNC reduces to finding the optimal schedule S * , such that:
whereR u (S) is the harmonic mean of the rates of the transmissions that are instantly decodable for the u-th user in schedule S.
Proof: To show this theorem, the individual completion time is first expressed as a sum of the instantly decodable transmissions time and the time delay. To conclude the proof, the time of instantly decodable transmissions is approximated using the mean transmission time which can be written as a function of the harmonic mean of the rates of the transmissions that are immediately decodable for the user.
Finding the global optimal solution to the optimization problem (2) is clearly intractable due to the dynamic nature of the channel realizations and the interdependence of optimal schedule on them. Such relationship makes the decision depends on future inputs, i.e., it makes the problem anticausal. Further, the determination of the optimal schedule, prior to its start, is shown to be very difficult, even without rate adaptation [4] , [6] , [7] . Given the complexity of finding the optimal schedule, this paper reformulates the problem by a more tractable approximation of the completion times called herein the anticipated completion times.
IV. ANTICIPATED COMPLETION TIME FORMULATION
A. Definition of Anticipated Completion Times
Let the anticipated individual completion time (denoted by C u (t)) of the u-th user after the t-th transmission be its completion time if that user does not experience any additional increases in its time delay (i.e., it does not receive any other non-instantly decodable transmissions) starting from the t-th transmission. From the expression of C u (S) in (2), it is easy to infer that C u (t) can be approximated by:
whereR u (t) is the harmonic mean of the rates of all transmissions t ≤ t that are instantly-decodable for the u-th user, and T u (t) is the accumulated time delay experienced by the user until the t-th transmission. In fact, the above expression of C u (t) of the u-th user would have been exact if R u (t) =R u (S).
B. Problem Approximation
This subsection approximates the optimization problem (2) by a more tractable version using the definition of anticipated completion times in (3) . Let u * be the user with the maximum anticipated completion time at transmission t − 1, i.e., u * = arg max u∈U {C u (t−1)}. Let K R(t) be the set of decisive users defined as follows:
Clearly, K R(t) is the set of users that can increase the maximum anticipated overall completion time, from its maximum value after the (t − 1)-th transmission (i.e., C u * (t − 1)). Indeed users in K R(t) increase the maximum anticipated completion time if the t-th transmission using rate R(t) is non-instantly decodable for them.
Given the above definition, the completion time minimization problem (2) is approximated by the online optimization problem of finding the message combination and the transfer rate, at each transmission t, so as to minimize the increase of the overall anticipated completion time from the (t − 1)-th transmission to the t-th one as shown in the following theorem. Theorem 2. The completion time reduction problem (2) can be approximated, at each transmission t, by the following joint optimization problem over the message combination κ(t) and the transfer rate R(t):
(5) where the notation P(X ) refers to the power set of the set X and τ κ(t) denotes the set of users for those the transmission the message combination κ(t) at a rate R(t) is instantly decodable.
Proof: To demonstrate the theorem, the set of users that can potentially increase the anticipated version of the completion time are first identified. The set of such users is used to approximate the problem as a problem of minimizing the increase in the anticipated completion time. Finally, the joint optimization problem over the message combination and the transfer rate is derived.
V. PROPOSED SOLUTION
This section proposes solutions to the approximated completion time reduction problem (5) by modeling it in the form of a graph that will be referred to as the rate-aware IDNC (RA-IDNC) graph. In the next two subsections, the time index notation is dropped, as it is known that the parameters are expressed for the t-th transmission.
A. RA-IDNC Graph
In the network-layer configuration of [18] , the authors introduced the IDNC graph as a tool to determine all possible message combinations and identify the users that can instantly decode each of these combinations. This subsection extends the graph formulation to the rate-aware instantly decodable network coding scenario of interest in this paper. The presented graph formulation allows the identification of the messages combinations, transmission rate, and the set of users for those the transmission is instantly decodable. This graph will be termed as the RA-IDNC graph, denoted by G(V, E) (V and E being the set of vertices and edges of the graph, respectively), and constructed as follows.
To generate the set of vertices, first introduce the set of achievable rates R u = {R ∈ R | R ≤ R u } for each user u. In other words, for each user, the set of achievable rate is the highest rates observed by other users whose rate region is a subset of that user. A vertex v uf r is created for each feasible association of user u ∈ U, a wanted message f ∈ W u and an achievable rate from R u . The set of edges E is generated by connecting two vertices v uf r and v u f r if they satisfy both following conditions:
The connectivity condition C1 ensures that the rate of the transmission is the same for all adjacent vertices in the RA-IDNC graph. The connectivity condition C2 represents the instant decodability condition of IDNC from the network-layer perspective. The late can be decomposed in two sub-conditions namely f = f that translates the fact that the same message is requested by distinct users and (f, f ) ∈ H u × H u that 231 112   322  221  321   11  23   22  32 RA-IDNC Graph IDNC Graph Fig. 1 . Comparision between the classical IDNC graph and the RA-IDNC graph. In classical IDNC, the clique {11, 22, 32} is selected because it serves 3 users. However, the transmission provides 3 bits/s (rate times number of trageted users) to the network. In RA-IDNC, the clique {112, 322} is selected bacause it provides 4 bits/s. states the instant decodability of the message mix f ⊕ f for both users u and u .
Given the above construction rules, it can be readily inferred that each clique 2 in the RA-IDNC graph represents a transmission both having:
• A message combination that is decodable to all the users designated by the clique's vertices. • One same rate that is smaller than the capacities of all the users identified by the clique's vertices. Therefore, from Definition 1, the transmission represented by each clique in the RA-IDNC graph is instantly decodable for all the users designated by the clique's vertices. The following theorem characterizes the optimal solution to the approximated completion time reduction problem in (5) using the RA-IDNC graph:
Theorem 3. The optimal solution to the problem in (5) is the transmission that is represented by the maximum weight clique 3 among all the maximal cliques 4 in the RA-IDNC graph, where the weight w(v uf r ) of each vertex v uf r is set to:
Proof: To show this theorem, we first show that there exists a one-to-one mapping between the set of feasible message combination, transmission rate, and targeted users and the set of maximal cliques in the RA-IDNC graph. To conclude the proof, we show that the weight of the cliques is equivalent to the objective function of the optimization problem (5) under investigation.
The maximum weight clique problems are a well-known NP-hard problems. However, they can be solved more efficiently [16] than the O(|V| 2 · 2 |V| ) naive exhaustive search solving methods. Further, various approximate solutions [19] yield, in general, acceptable outcomes. Figure 1 provides an example of the RA-IDNC graph for a network composed of 3 users and 3 messages. Note that in classical IDNC, the rate of the transmission should be the minimum rate of the targeted users by the transmission. 2 A clique in an undirected graph is a set of vertices in which each two vertices are adjacent. 3 In a weighted graph, the weight of a clique is defined as the sum of the individual weights of vertices belonging to the clique. The maximum weight clique problem is the one of finding the clique(s) with the maximum weight. 4 A maximal clique is a clique that is not a subset of any larger clique.
B. Multi-Layer Solution
Construct G k (M). Solve the maximum weight clique problem to yield M k .
As shown in the previous subsection, the optimal solution to the optimization problem (5) can be obtained by identifying the maximum weight clique(s) among all maximal cliques in the RA-IDNC graph. This subsection improves upon the proposed solution. The improvement is fundamentally based on the principle that the optimal solution of (5) is potentially (in most cases) not unique. Therefore, this subsection relies on an efficient choice of one of the points that achieve the optimum of (5). Such point is chosen by focusing on message combinations serving users that are the most likely to be decisive users in the next transmissions.
First, introduce the set of k-th critical users K k R as the set of users that can potentially increase the anticipated overall completion time if and only if they experience k ≥ 1 consecutive time delay increases, i.e., they receive k subsequent noninstantly decodable transmissions at a rate R, starting from the t-th transmission. The mathematical definition of this set is: (4) . Let G 1 be the RA-IDNC graph constructed using only the users in the set K 1 = ∪ R∈R {K 1 R }. In other words, a vertex v uf r is created for each feasible association of user u ∈ K 1 , a wanted message f ∈ W u and an achievable rate in R u . The connectivity condition and the weights are the same as for the RA-IDNC graph introduced in the previous subsection. The following corollary characterizes the maximum weight clique among the maximal cliques in G 1 :
Corollary 1. The maximum weight clique among the maximal cliques in the G 1 RA-IDNC graph yields the same weight as the one(s) in the G(V, E) RA-IDNC graph.
Let M 1 be the maximum weight clique among the maximal cliques in G 1 . From Corollary 1, each set of vertices in G \ G 1 connected to the vertices in M 1 form a global optimal solution to (5) . Thus, the chosen clique M is initialized to M = M 1 . In order to prioritize users that can potentially increase the anticipated completion time after two transmissions, let G 2 (M) be the RA-IDNC graph constructed using vertices in K 2 R that are connected to all the vertices in M, where R is the rate of users selected in M. After two transmissions, such vertices can potentially become decisive users with equal weight equal to log(R/N ). Hence, the weight of all the vertices in G 2 (M) is log(R/N ). The maximum weight clique problem (which is equivalent to a maximum clique problem in this case) is 
VI. SIMULATION RESULTS
This section shows the performance of the proposed crosslayer algorithm in the downlink of a radio access network. The cell layout is hexagonal with 500m of diameter. The BS is placed in the center of the cell, and the users uniformly distributed inside of it. The number of users, messages and the message size change in the simulation so as to study multiple scenarios. The shadowing variance is fixed to 0dB in all the simulation except for the last one in which we consider the effect of such parameter. Table I summarizes the additional simulations parameters. The proposed rate aware IDNC is compared to the following schemes:
• The uncoded broadcast in which the message are transmitted uncoded to all users using their minimum achievable capacity as the rate of the transmission. • The uncoded unicast in which the user with maximum achievable capacity and non-empty Wants set is the only targeted user. • The classical IDNC in which the message combination is chosen according to the policy proposed in [4] . For the transmission to be instantly decodable for all the targeted users, the transfer rate is the minimum achievable capacity of these users. First, Figure 2 plots the completion time versus the number of users U for a network composed of F = 20 messages and a message's size N = 1 Mb. We can clearly see that our proposed rate aware IDNC scheme largely outperforms the other schemes. The gap between our RA-IDNC and the classical IDNC increases as the number of users increases. This can be explained by the fact that as the number of users increases, the conventional IDNC scheme have more coding opportunities and thus the number of targeted users increases. This results in a lower transmission rate as it represents the minimum of an increasing set. The same thinking applies to the broadcast strategy. Figure 4 illustrates the completion time versus the number of messages F for a network composed of U = 20 users and a message's size N = 1 Mb. Again, our proposed RA-IDNC outperforms the strategy without rate adaptation. We also note that the uncoded unicast scheme increases linearly with both the number of users and the number of messages. This can be explained by the nature of the scheme. As it targets only one user with one message at each transmission, it needs UF transmissions before completion. Therefore, the performance of such systems is linear with the number of users (Figure 2 ) and the number of messages (Figure 3 ). The performance of the broadcast strategy is also linear with the number of messages since it requires F transmissions to deliver all the messages. Figure 3 displays the completion time versus the message's size N for a network composed of U = 20 users, and F = 30 messages. As hinted by (2), the completion time is the sum of a linear function of the message size and the time delay that is also linear with the message size. This result applies for any transmission scheme that explains that all the policies are linear with respect to such parameter.
Finally, to quantify the performance of the proposed scheme in high shadowing environment, Figure 5 plots the completion time in sec. versus the shadowing variance in dB for a network composed of U = 20 users, F = 40 messages, and a message's size N = 1 Mb. As the shadowing variance increases, the variability of the achievable capacity of different users increases. Since the unicast policy takes advantage of the maximum possible capacity, its performance improves as the shadowing variance increases. However, the classical and broadcast scheme are penalized with the minimum achievable capacity that decreases as the shadowing variance increases which explains the degradation in performance. As we can see from Figure 5 , our proposed scheme strikes a balance between the number of targeted users and the transmission rate that explains its relatively constant performance against the shadowing variance variation.
VII. CONCLUSION
This paper proposes solving the completion time reduction problem using instantly decodable network codes with rate adaptation. Unlike previous works, this paper suggests a crosslayer scheme that considers rate awareness in the transmission selection process so as to minimize further the completion time from its best-known value so far. The delivery time minimization problem is first shown to be intractable which motivates its approximation by the problem of reducing, at each transmission, the increase of an anticipated version of the completion time. The paper shows that the approximate problem is equivalent to a maximum weight clique problem in the newly constructed RA-IDNC. To further improve the performance of the proposed scheme, the paper introduces a multi-layer solution to refine the approximation. Simulation results suggest that the cross-layer design largely outperforms the uncoded transmissions strategies and the classical IDNC scheme. To account for channel estimation error and improve the accuracy of the proposed model, the journal version [17] suggests to consider packet erasures whose probabilities depends on the considered user and the transmission rate.
